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Banach $E$ $x$ $C$ , $z\in C$







$R^{2}$ sup-norm , $C$ (
) . $E$ $C$ ,
. $R^{2}$ Euclidean norm , $C$







DEFINITION 1.1. Banach $E$ $C$ $E$
$fc$ $fc(x):= \sup${ $\Vert x-y|||$ y\in C} .
REMARKS. .
(i) $f_{C}(x)$ $E$ Lipschitz , Lipschitz 1
.
(ii) $\overline{co}C=\overline{co}D$ $f_{C}(x)=f_{D}(x)$ .
(iii) $z$ $x$ $C$ $\Leftrightarrow z\in C$ and $||x-z||=f_{C}(x)$
, , . Banach
$E$ $f$ $x\in E$ , $x^{*}\in E^{*}$ $x$ $f$ subgradient
$\{x^{*},$ $y-x\rangle$ $\leq f(y)-f(x)$
$y\in E$ . $x$ $f$ subgradient
$f$ $x$ subdifferential $\partial f(x)$ .
$f$ , $x\in E$ $\partial f(x)$ . ,
$\partial f(x)=\{x^{*}\}$ $x^{*}\in E^{*}$ $f$ $x$ G\^ateaux
G\^ateaux $x^{*}$ .
, $x\in E$ $y\in E$ , $d^{+}f_{C}(x)(y)= \lim_{t}\downarrow 0\{fc(x+$
$ty)-fc(x)\}/t$ $y$ $E$ sublinear functional .
.
$\partial f_{C}(x)=$ { $x^{*}\in E^{*}|\langle x^{*},$ $y\rangle\leq d^{+}f_{C}(x)(y)$ for $a\mathbb{I}y\in E$ }, (1)
$d^{+}f_{C}(x)(y)= \max\{\langle x^{*}, y)|x^{*}\in\partial f_{C}(x)\}$ $(y\in E)$ . (2)
\S 2.
Edelstein [3], Asplund [1], Lau [4], Panda-Dwivedi
[$6|$ . ,
, .
DEFINITION 2.1. (Lau) $C\subset E$ , $D(C)$
:
$D(C)$ $:= \{x\in E|\forall x^{*}\in\partial f_{C}(x)\inf_{\in C}\langle x^{*}, z-x)=-f_{C}(x)\}$.
THEOREM A (LAU). $D(C)$ $E$ G\delta - , $C$ weakly compact
$x\in D(C)$ $C$ .
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DEFINITION 2.2. Banach $E$ Kadec space
:
$X_{n}X\underline{w}$
$\Rightarrow x_{n}arrow x$ .
$\Vert x_{n}\Vertarrow\Vert x\Vert$
THEOREM $B(PANDA-DWIVEDI)$ . $E$ reflexive Kadec space $C$ $E$
. , $x\in D(C)$ $C$ .
$D(C)$ .





PROPOSITION 3.1. $E$ Banach , $C$ $E$ relatively
wealkly compact subset . $x\in D(C)$ $C$
.
THEOREM 3.2(reflexive case). $E$ Banach , $C$ $E$
. $x\in D(C)$ $C$
.
Banach $E$ , $D(C)$ $C$
.
DEFINITION 3.3. Banach $E$ reflexive, Kadec, strongly
convex .
COROLLARY 3.4. $E$ strongly convex $C$ $E$
. $x\in D(C)$ $C$ . $E$
Hilbert , $E$ $C$ $D(C)$
$C$ .




PROPOSITION 3.5(non-reflexive case). $E$ Banach , $C$ $E$
. , $x\in E$ G\^ateaux
$x$ $C$ .
Banach .
DEFINITION 3.6. Banach $E$ Asplund space [resp. weak
Asplund space] :
$E$ $D$ $f$ , $D$
$G_{\delta}$ - $G$ , $x\in G$ $f$ Fre’chet [resp. G\^ateaux]
.
Proposition 3.5 .
THEOREM 3.7(non-reflexive case). $E$ weak Asplund space , $C$
$E$ . $E$ $G_{\delta}$ - $D_{0}(C)$
$x\in D_{0}(C)$ $C$ .
$D(C)$ G\^ateaux .
THEOREM 3.8(non-reflexive case). $E$ smooth Banach , $C$ $E$
relatively weakly compact . , $C$
, $x\in D(C)$ G\^ateaux .
\S 4. $G_{\delta}$
$\vee$ redundant , , $G_{\delta}$
,
.
THEOREM 4.1. $E$ weak Asplund space , $C$ $E$
weakly compact . $E$ $G$,- $D^{*}(C)$ ,
$x\in D^{*}(C)$ $C$ .
THEOREM 4.2. $C$ strongly convex Banach $E$







PROPOSITION 5.1. $C$ Banach $E$ , $x\in E$
. :
(i) $x\in D(C)$ ;
(ii) $\inf_{z\in coC}d^{+}f_{C}(x)(z-x)=-f_{C}(x)$ ;
(iii) $\epsilon>0$ $\lambda\in(0,1)$ $z\in c\circ C$
:
$f_{C}(x+\lambda(z-x))-f_{C}(x)<-\lambda f_{C}(x)+\epsilon\lambda$ . (3)
PROOF. $(i)\Leftrightarrow(ii)$ : $x\in D(C)$
:
$\sup_{x\in\partial f_{C}\langle x)}\inf_{z\in C}\langle x^{*},$ $z-x$) $=-f_{C}(x)$ .
$\langle x^{*}, z-x\rangle\geq-\Vert z-x\Vert\geq-f_{C}(x)$ $x^{*}\in\partial f_{C}(x)$ $z\in C$
. . $\inf_{z\in}c\langle x^{*}, z-x)=\inf_{z\in\overline{co}}c\{x^{*}, z-x\rangle$
$\partial f_{C}(x)$ weak* compact convex , minimax theorem ([2, Theorem
37]) (2)
$\sup$ inf \langle $x^{*},z-x$ } $=$ $\sup$ $inf\langle x^{*}, z-x\rangle$
$x\in\partial f_{C}(x)z\in C$ $x\in\partial f_{C}(x)z\in\overline{co}C$
$=$ $inf\sup$ $\langle x", z-x\rangle$
$z\in\overline{co}Cx\in\partial f_{C}\langle x)$
$=i_{\frac{nf}{co}}d^{+}f_{C}(x)(z-x)z\in C$
. (i) (ii) .
$(ii)\Leftrightarrow(iii)$ : $d^{+}f_{C}(x)$ . $\square$
Proposition 3.1
$C$ , $C$
. $x\in D(C)$ . Proposition 5.1 , $\epsilon_{n}\downarrow 0$
, $\{\epsilon_{n}\}\subset(0,1)$ $\overline{co}C$ $\{z_{n}\}$ $\{\lambda_{n}\}\subset(0,1)$
$f_{C}(x+\lambda_{n}(z_{n}-x))-f_{C}(x)<-\lambda_{n}f_{C}(x)+\epsilon_{n}\lambda_{n}$ (4)
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. $C$ weakly relatively compact Krein-Smulian
$\overline{co}C$ weakly compact . Eberlein-Smulian
$z_{n}$
$z\in\overline{c\circ}C$ . , $x=0$ (0) $=1$
( ). $x=0$ $y$






$(\varphi,$ $z_{n}$ } $>1-\epsilon_{n}$
. $\epsilon_{n}\downarrow 0$ \langle $\varphi,$ $z$ ) $\geq 1$ , { $\varphi,$ $z$ ) $=1$ $\Vert z\Vert=1$
$\Vert z\Vert\leq 1$ $\Vert\varphi\Vert=1$ . , $\langle\varphi, y\rangle=1$ $\langle\varphi,$ $y+z$ ) $=2$
. $\Vert y+z\Vert=2$ , $E$ $y=z$ .
$C$ $x$ . $\square$
Proposition 3.5
$C$ . $y,$ $z\in C$ $x$
, $\varphi$ $\partial f_{C}(x)$ . $\Vert\varphi\Vert=1$




, $E$ $x-y=x-z$ , $y=z$ . $\square$
\S 6.




EXAMPLE 6.1. (A) $E=l^{2}$ ( ), $C=\{x\in E|\Vert x||\leq 1, x\geq 0\}$
. . $x\geq 0$ [resp. $x>0$ ] $x\in E$
$\geq 0$ [resp. $>0$ ] .
far$(C)=\{x\in C|\Vert x\Vert=1\}$ . (a)
$x\in E$ $x$ $x^{\pm}$ $x^{\pm}=(\pm x)\vee 0$ . $-\vee$ far$(x, C)$
:
far $(x, C)=\{\begin{array}{l}\emptyset,(x>0)\{x^{-}/\Vert x^{-}\Vert\},(x^{-}\neq 0)\{z\in far(C)|z\perp x\},(x\geq 0butnotx>0)\end{array}$ (b)
, .
$D(C)=\{x\in E|x^{-}\neq 0\}$ . (c)
(B) $E=L^{2}[0,1]$ ( ), $C=$ { $f\in E|\Vert f\Vert\leq 1,$ $f\geq 0$ a.e.} .
.
far$(C)=\{f\in C|\Vert f\Vert=1\}$ . (d)
$f^{\pm}$ (A) $f\in E$ . $-\vee$ far$(f, C)$
:






$D(C)=\{f\in E|f^{-}\neq 0\}$ . (f)
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